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1. Introduction

A gravitationalinstantonis afour-manifoldwith anonsingularRiemannian
metricsatisfyingEinstein’sequations.A specialclassof gravitationalinstantons
is thatof hyperkählerfour-manifolds.Thehyperkählerconditionmeansthatthere
arethreecovariantconstantcomplexstructuresI, JandK (with respectto which
themetric is hermitian),whichsatisfythequaternionicmultiplicationrelations.
This impliestheexistenceofawhole two-sphere’sworth of Kählerstructureson
themanifold.HyperkählermanifoldsareRicci-flat, soin particularareEinstein.

Kronheimer [K!, K2] hascarriedout aclassificationof hyperkählerfour-
manifoldswhichsatisfythe AsymptoticallyLocally Euclidean(ALE) condition.
This meansthatthemetric looksasymptoticallylike the quotientby afinite group
of EuclideanP4.TheseALE spacesturnoutto beintimatelyrelatedto theKleinian
singularitiesofalgebraicgeometry,whichwenowexplain.

Let 1’ be a finite subgroupof SU(2). SuchgroupshavebeenclassifiedandF
mustbeof oneof thefollowing types:

(i) thecyclic groupoforderk,
(ii) the binarydihedralgroupof order4k,
(iii) the binarytetrahedralgroupof order24,
(iv) thebinaryoctahedralgroupof order48,
(v) thebinaryicosahedralgroupof order120.
If we view C2 as thestandardtwo-dimensionalrepresentationof SU (2), it fol-
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lows that I’ acts on C2 fixing the origin. The quotientC2/F is then a singular

complexsurface,whichcanbeidentified with oneof thefollowing hypersurfaces
(theKleiniansingularities) in C3:

(i)xy=zh,
(ii) x2—zy2=z~~

) 3 4
(iii) x+y +z =0,
(iv) x2+y3+yz3=0,

1 5
(v)x+y~+z =0.

Thesesingularities[and the finite subgroupsof SU(2) J correspondto thesimply
lacedDynkin diagramsAk, Dk, E

6, E7,E5.
Kronheimer [Ki, K2] showedthateachof thesesingularspacesadmittedde-

formationscarryingALE hyperkählermetrics,andthatall ALE hyperkählerfour-
manifoldsarosein this way. The manifoldsarising from the cyclic groupsingu-
larities (i) arein factthe multi-instantonspacesof GibbonsandHawking [GH.
Hl].

Now, onecanalso considerhyperkählerspaceswhich arenotALE. Onewell
known exampleis the multi-Taub—NUT seriesof metricswhich areAsymptoti-
cally Locally Flat (ALF). Thisconditionmeansthat themetric approaches

ds
2=dr2+r2(p~+p~)+c2p~

at least as fast as l/r; herec is a constantandPi~P2’ p
3 are left-invariant one-

forms on thequotientof S
3 by afinite groupF.

Now the multi-Taub—NUT metricsalsolive on deformationsof the cyclic sin-
gularities~y=~k, socanbeviewedasa non-ALEcounterpartto the multi-instan-
ton series.

In this paperweshallpresentafamily ofhyperkählerfour-manifoldswhichlive
on deformationsof the dihedralsingularities.Weshallobtainthem by a modifi-
cationof Kronheimer’sconstruction,analogousto the way in which the multi-
Taub—NUT sequenceis obtainedas a modificationof the multi-instantoncon-
struction.This constructionwill involve the method of hyperkählerquotients,
whichwedescribein the nextsection.

2. Hyperkählerquotients

If M is ahyperkählermanifold with metric h andcomplexstructuresI, J and

K, thenit carriesthreeKählerformsw
1, w2, w3 definedby

W1(X, Y)=h(IX, Y),

etc.Supposenow that a groupG acts on M preservingh. Assumemoreoverthat
the actionof G preservesI, J, K. We expressthe latter conditionby saying that
the actionis triholomorphic.If G is compactwe candefinethreeG-equivariant
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momentmapsl~l~J~2,/~3from M to the dualoftheLie algebrag of Gby

<u1(m),c)=’Ii~(m) (meM,~eg)

wheredcP~is the contractionof w with ~, andwe identify an elementof g with
theKilling field it generateson M. We cancombinethesemomentmapsinto a
singlemap1u takingvaluesin P

3®g*.

Theorem2.1 [HKLR]. If 2 ~, 22~23 lie in thecentre~ ofg”, andif G actsfreely
~ ~ 23) then

1i~~1(2 ~, 2,2 3)/G ishyperkahler.

We refer to this manifold as the hyperkahlerquotientof M by G. The space
,u’(21, 22,23) iscalledthelevelset.

The following result is often useful in identifying hyperkählerquotientsas
complexmanifolds.

Theorem2.2 [HKLR]. Thehyperkahlerquotient1u ~‘(0,22,23) /G is isomorphic
asa complexmanifoldtothequotientbyG~(thecomplexijIcationofG)oftheopen
setofstablepointsin (~u2+i~u3)’(22+iA3).

This is astatementofthe generalprinciple of equivalenceof Kählerandalge-
bro-geometricquotients,appliedto thecomplexmanifold (1u2+ iu3) ‘(22+ iA ~).

Themulti-instantonspacesmaybeobtainedusingahyperkählerquotientcon-
structionas follows. We denotethe spaceof quaternionsby H. Let M= Hk and
let G= U( 1 )“ actonM isometricallyby

xii_÷xiel(
61_02), ..., xkI~_xke1(O1c_O1) (1)

wherex,eH. Notethatthis is really anactionofU( 1 )k_ 1, asthe circlesubgroup
of G for whichall 0, areequalactstrivially.

Wetakethequaternionicstructureon H to be definedby multiplicationon the
left by unit imaginaryquaternions,sotheaboveactionis triholomorphic.Wecan
thereforeapplythequotientconstructionof theorem2.1.

If we takethe level setto be ~t 1(0, 0, 0) the hyperkählerquotientis the sin-
gular spacexy=zk. Varying the level set giveshyperkählerdeformationsof this
singularity,whicharethemulti-instantonspacesofGibbonsandHawking.

Wecanmodify theaboveconstructionby replacingoneofthe Euclideanspaces
Hby theflat (but non-Euclidean)hyperkählerspaceP3x 51• Thetriholomorphic
circleactiononP3X S1 is rotationin theS’ factor.Thequotientconstructionnow
givesusthemulti-Taub—NUTspaces,which aredeformationsof xy= zkcarrying
non-ALEmetrics.
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3. A quotient construction

In the spirit of theprecedingremarksweshallnow modify theconstructionof
thedihedralALE spacesdueto Kronheimer.We first reviewsomematerialabout
actionsof unitarygroupson quaternionicspaces.

Recallfirst thatwe havea triholomorphicisometricactionof U (2) onH2 given
by

(x
1,x2)~(x1,x7)A

T.

If wechooseacomplexstructureon H2 then this actionbecomes

(R,S)~(AR,SA’),

whereR, Sareelementsof Hom(C, C2) andHom(C2, C), respectively.Thecom-
plex momentmapis

(2)

Notethatthis hasthecorrectequivarianceproperties.
Next, observethat thereis a triholomorphicisometricactionof U(2) xU (2)

on H4 definedby

a
1 0 a3 0 t~ a7 0 0
0 a1 0 a3 ä~ a8 0 0

(x1,x2,x3,x4)F—*(x1,x2,x3,x4)a2 0 a4 0 0 0 a5 a7

0 a2 0 a4 0 0 ~ a8

where

A1=(a1 a2~ A~=(05 a6

\a3 a4) - \a7 a8

areelementsof U (2). Wedenotethis actionby

(x1,x2, x3,x4)~(x1, x2,x3,x4) (A1,A7)

Choosingacomplexstructureon H
4 the U(2)x U(2) actionbecomes

(Z, W)~(A
1ZA~’,A2WA~’),

whereZ, WE Hom(C
2, C2). Note thatthecircle of scalarsin U(2)x U (2) acts

trivially. Thecomplexmomentmapfor this actionis

(3)

takingvaluesin gt(2, C)x gl(2, C).
In his constructionof the Dk dihedral ALE gravitationalinstantons,Kron-

heimer [Kl] takes M to be H2x H2 x (H4 )~(_4x H2 xH2 and G to be
U(l)4XU(2)k_3.TheactionofGonMis
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(x
1,x2)#-~(x1,x2)ATe’°’

(x3, x4)—~(x3, x4)ATe_b

92,

(x
5, x6, x7, x8)F—+ (x5, x6, x7, x8) (A1, A2)

(x4k_15,x4k_14,x44_13,x4k_12)F-÷(x4k_15,x4414,x4k_13,x44_12)(Ak_4,Ak_3)

I I I \AT —i03~X4k_ll,X4kloJH+~X4kll,X4k_lo) k_3e

I I I \AT —i04~X4k.9,X4k_8)I—+~X4k..9,X4k_8)k_3e

andthedihedralALE spacesareobtainedashyperkählerquotientsofMby G/C,
whereC denotesthe circleof scalarsin Gwhich actstrivially on M. Forgeneric
choiceoflevel set,theactionof G/Cis free,so thequotientis nonsingular.

We needto modify the aboveprocedureby replacingoneofthe Euclideanfac-
torsby anewhyperkählerspace.Now H

4 is a16-dimensionalhyperkählerspace
with atriholomorphic andisometricU(2)x U(2) actionin which the circle of
scalarsactstrivially. If wereplacethisby anotherspacewith the sameproperties
we shallget newhyperkählerfour-manifoldswith (presumably)non-ALE met-
rics. Fortunatelyacandidatefor suchahyperkähler16-dimensionalmanifold is
athand.

It hasbeenobserved[K3, H3] that if d istakento bethe infinite-dimensional
quaternionicaffine spaceof pointsT

0 + iT1 +j T2 +kT3 whereT1 areanalyticu(2)-
valuedfunctionson [0, 11,thend is formallyhyperkähler.Moreoverthegroup
Oof U(2)-valuedfunctionson [0, 11 actsond by

(4)

T~i-÷gT1g’ (i=1,2,3), (5)

preservingthe hyperkahlerstructure.Here,~ denotesthe derivativeof g with re-
spectto the coordinatet on [0, 1]. Let usdefine~ to bethe normalsubgroupof
0 consistingofthoseelementsof 0which aretheidentityatt= 0, 1. The moment
mapfor theactionof 0 is

(t1+[T0, T1]—[T2, T3]\
F:(To,T1,T2,T3)F—~( T2+[T0,T2]—[T3,T1] J. (6)

\T3+[TO, T3]—[T1, T2~JJ

Usingthemethodof proofoftheorem2.1,adaptedto theinfinite-dimensional
setting,we seethatN=F

1 (0,0, 0)/0 is hyperkähler.This manifoldisjustthe
moduli spaceof solutionsto Nahm’sequations[D] for2 x 2 analytic matrices.

Nahm’sequationsareequivalent[D} to
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(7)

(8)

wherea= T0—iT1 and/3=T2+iT3. As pointedout in [K3], the moduli spaceN
canbeidentified with the quotientby the complexificationof 0 of the spaceof
solutionsto eq. (7) alone.This is essentiallytheorem2.2, in an infinite-dimen-
sionalsetting.

Following Kronheimer [K3], we cangaugea to zeroby solving theequation
~=ga subjectto the condition g( 1) = Id, and the image of /3 underthis gauge

transformation is a constant matrix in 91(2,C). The map (a, /3) —* (/3(1),
g(0))= (B, Q) givesa bijection betweenNand 91(2,C) XGL(2, C), thatis, be-
tweenN andthecotangentbundleofGL(2, C).

Thereis atriholomorphicandisometricactionof0/G~U (2) xU (2) on N. If
weidentify Nwith T*GL(2, C) asabovethis action is

(B,Q)~-~(U1BU’,UQU~’).

We seethatthe actionofthe scalarcircle in U(2)xU (2) is trivial, sowe in fact
havean S(U(2)xU(2)) action.

It is clear from our expressions (4), (5) that a point (T0, T1, T2, T3) of N can
only befixed by theS(U (2) xU (2)) action if T1 (0), T2(0), T3(0) arepropor-
tional andT1 (1), T2(l), T3( 1) areproportional.

Thereis alsoan S0(3) actionon Ndefinedby

T0—*T0, T1~—~~ a11T1 (i= 1,2,3)

where (a11)ES0(3).The actionof S0(3) is isometric,but it permutesthe two-

sphere of complex structures rather than fixing them.
Finally, thereis anisometricP

3action

T
0F+T0, T~-+T1•—ia1Id (j=l,2,3),

which fixes complexstructures.
Wesummarisesomepropertiesof Nas follows.

Proposition3.1. N isa hyperkahlermanifoldofrealdimension16 with a triholo-
morphicandisometricU (2) XU (2) action in which thescalarsact trivially. Asa
complexmanifold,N isisomorphicto T*GL(2, C).

Wecannow adaptthe constructionof [K1] by replacingoneH
4 factor by N.

Thisis closelyanalogoustothewaythemulti-instantonconstructionis modified
to producemulti-Taub—NUTspaces.Thereonecopyof H is replacedby P3x5’,
which is amoduli spaceof u (1)-valuedNahmmatrices.
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Proposition 3 2 Let M=H2x H2x Nx(H4)~~ XH2 XH2 Let G= U (l)~

XU(2)”~3act onMby

(~ ~

2)F~kl ~2)4Je°

(s~ X4)H~(~3 k4)41e_

02

(T
0, T,, T2, T3)~( (A,,A2)) (T0, T1, T2, T3),

(x5,x6,x7,x8)~(x5,x6,x7,x8)(A2,A3)

(x4k_,9,.~4k_,8,x4k_,7,x4k_,6~~(x4k_,9,x4k_,8,x4k_,7,x4k_,6)(.4k_4,,4k_3)

I I - \4T —103
kX4k_,5,X4k_,4)~~(4k_15,~~4k_I4) k_3e

I I I - IAT —104~X4k.,3,.X4k...,2)1÷~.X4k...,3,X4k..,2) k_3e

where((A,,A2)).denotestheU(2)xU(2) actionon N.
If C denotesthesubgroupofGwhoseaction is trivial thenthehyperkah/erquo-

tientofM byGiG is, whennon-singular,afour-manifold.

Proof C is thecirclesubgroupofGdefinedby

0,=02=03=04:A1=e’°’Id (i=1,...,k—3).

The (real) dimensionofMis 16k— 32 andthedimensionof GiG is 4k—9, sothe
dimensionof thehyperkahlerquotientis 4.

4. The dihedral series

In orderto studythe hyperkählerquotientsmore closelywe needto calculate
themomentmapsfor theactionof GiG onM.

The proof of the following result is very similar to that of theorem 6.1 in [Dal].

Theorem4.1. The moment mapfor the action ofS(U(2)xU(2)) on N is given

by

—<T1(0),a,>, <Tj(l),a,>

—<T(0)a> <Tj(l),a3> (i=1,2,3),

TrT1(1)

wherea,, a2, a3 arethePaulispin matrices,and< , > is thestandardinnerprod-
ucton U (2).
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Proof Every point of N is equivalent under the action of SO(3), P3 and
S(U(2)xU(2)) to oneofthe form

(0,~f,a
1, ~f2a2, 1f3a3),

where f,, f-,, f3 are real-valued functions satisfying the spinning-top equations
f~=f2f3 and cyclically. The tangent vectors ~ ~,~ ~ to N at this point will
satisfy the linearisation of Nahm’s equationsandthe conditionof orthogonality
to the orbits of thegaugegroup G. These ordinary differential equations can be
solvedto give

f1L4 f1L,
f2L3+th3/f2 f2L2+ô~2/f2

~ —f~L2—ñ2/f~‘ ~‘=

q2

—f,L2 —f,L3
f7L4+th4/f2

~2 —~L4—n4/f3‘ ~

where

Ith ii
L1= Jf7() +f~)d5+PJ~

and th1, ñ~,~, ~. are real numbers (j= 1, 2, 3, 4). Here we are identifying u (2)
with P

4.
The Kähler forms on the flat infinite-dimensional space d descend to define

Kähler forms W on N. It is now straightforward to calculate the vectorfields X
for the S(U (2) xU (2)) actionon N, evaluateW

1.(X, Y) for vectorfields Yon N,

anddeducethe requiredresult.Knowinghow pointsof Nandtangentvectorsto
N transformunderthe actionsof P

3, S0(3) andS(U (2) xU (2)) enablesusto
extendthecalculationto arbitrarypointsof N.

Underthe isomorphismbetweenNandT*GL(2, C) wehaveB= (T
7+iT3)(l)

andQ — ‘BQ = (T2 + iT3) (0), sothecomplexmomentmapfor theSU(2) XU (2)
actionis

— <Q’BQ, a,>, <B, a1>
—<Q’BQ,a2>,<B,a2>
—<Q’BQ,a3>, <B,a3> ‘

TrB

or equivalently
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~2+i~3:(B,Q)~(—Q-’BQ,B). (9)

Let us now considerthe hyperkählerquotient~t ‘ (ii) / (GIG), for ~1EP
3®~

where~ is the dualof the centreof the Lie algebraof GIG. We definedG to be
U (1)~xU(2 )k ~so thecentreof G is isomorphicto U( 1 )k+1 andthe centreof
GIG isomorphicto U( 1 )k~Thereforewecanwrite

~(~1~k+1)

where

~s~?1~~)Ep3®U(1)* s=l,...,k+1

We areidentifying theLie algebraof GIGwith thetracefreeelementsofthe Lie
algebraof G.

It follows from our remarksaboutthe dihedralALE construction,andfrom
our commentsaboveaboutwhenthe S(U(2)xU(2)) actionon N hasfixed
points,thatGIG actsfreely on ~r 1 (~)for generic~. Thereforeour hyperkähler
quotientsaregenericallynonsingularmanifolds.

Let usnow specialiseto the casewhen~ = 0 for all s. Using theorem 2.2, we
seethat~u’ (‘i)I (GIG) is thenisomorphicas acomplexvarietyto the quotient
(
1i2+i1u3)~(t~)/(GIG)~, where

~1~k±l)

~Stlsj,ls3 s=1,...,k+l.

Usingourexpressions(2), (3) and(9) for thecomplexmomentmaps,wecan
bemoreexplicit; ji 1 (~)/ (GIG) is isomorphicto thealgebro-geometricquotient
by (GIG)~ of thevarietyconsistingofelements

BE9I(2,C) , QEGL(2,C)

R,,...,R4EH0m(C,C
2), S,,...,S

4EH0m(C
2,C)

Zk_
5, W,,..., Wk..5 Hom(C

2, C2)

satisfyingtheequations

—TrR
1S,=~1, —TrR2S2=t~2,

B+R,S1+R2S2=c~3Id, Z,W,—Q’BQ=~jd,

Z2W2—W1Z,=~5Id, Z3W3—W2Z2=~6Id,

Zk5Wk5—Wk..6Zk.O=~k..2Id, R3S3+R4S4—Wk..5Zk....5=~k..,Id

—TrR4S4=~k±,.
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The action of (G/G)~ hereis

B~UBU~’, Q~U1QU~’,

R1~-÷tj’U1R1, R2—~i~’UR7,

R3 ~ 1 Uk— 3R3, R4 F—~t ~‘ Uk—

S3 F-~t3S3U~i~3, S4F-3t4S4U~3,

~ (i=1,...,k—5),

where

UI,...,Uk_3EGL(2,C), T,,...,I4EC*.

We canusethe actionof (G/G)~ to set Q equalto the identity. Our variety is
now the quotientof thespaceof solutions(B, R1, ..., R~,S~, ..~ S4,Z1, ...,

W1, ..., Wk_s) to the systemofequations

—TrR1S1=~1, —TrR7S7=~2,

B+R,S1+R-,S7=~3 Id, Z,W—B=c~,Id,

Z2W-—W,Z=~5Id, Z3W3—W2Z2=~6Id,

Zk_sWk_s—Jk_oZk..6=~k_2Id, R3S3+R4S4—Wk_sZk_s=c~k_IId,

—TrR3S3=~k, —TrR4S4=~k±l,

by the action

BF-~U1BU~’,

R1E—*vj’U,R,, R7F-~t~
1U

1R2,

R3 ~ — 1 Uk— 3R3, R4 ~-÷ ~ — 1 Uk—

(Z1, ~‘V1)H÷(U1~1Z/U1if
1

2,U1~2J’VU1if
1

1) (i=l,...,k—5)

wherewenowhaveU1 = U2.
Themap (B,R1,S1, Z1, W1.) ~-+ (R1,S., Z, W1) induces an isomorphism onto the

quotient of the variety of solutions (R1, ..., R4,S~,..., S~,Z,, ..., Zk_s, W1
Wk_s) to theequations
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—TrR2S2=~

Z, W, +R,S, +R2S2= (~+t~) Id

Z2W2—W,Z,=c~5Id Z3W3—W7Z2=~Id

ZksWks—Wk6Zk6=~k2Id, R3S3+R4S4—WksZks=~k,Id,

—TrR3S3=~k, —TrR4S4=~k+l,

by the action

R1 E—~rj’U2R1, R2—+r~’U2R2,

R3 ~ ‘r ~ 1 Uk— 3R3, R4 ~_ 1 Uk—

S3F-3t3S3U~i.~3, S4~—~r4S4U~i~3,

(Z1,W1)F÷(U~1Z1U~,U•~2W•U~’,)(i=l,...,k—5).

However,thisisjustthe complexmanifoldwhichweobtainfrom the Dkl con-
structionof ALE spacesin [K 1], sowehaveestablishedthe following result.

Theorem4.2. Thehyperkah/erquotientsofM byGIGaredeformationsoftheDk,

Kleiniandihedralsingularity

x
2— zy2= zk 2

for ka5.

Theaboveconstructionproduceshyperkähler deformations of the Dk singular-
ities for ks4. We canalsotreattheD

2 andD3 casesasfollows.
For D3, we takeM=NxH

2xH2 andG=U(1)xU(2)xU(l)xU(l). The
actionis

(T
0, T,, T2, T3)—3((A,,A2)) (T0, T,, T2, T3)

(x,, x2)F* (x,, x2)AJe’°’

(x3,x4)I.~+(x3,x4)AJe1°2

whereA,lies in a non-centralU(1) subgroupofU(2), andA2 lies in U(2).
Similarargumentsto thoseaboveshowthattheresultinghyperkählerquotients

arebiholomorphicto hyperkahlerquotientsof H
4 by U(1)~wheretheactionis

that of (1). Thesecomplexmanifolds are deformationsof the A
3 singularity

xy= z
4, which is equivalentto the D

3 singularity x
2— zy2= z2 (recall that the

Dynkin diagramsD
3andA3 areidentical).
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For D2 we proceed as follows. The hyperkählerquotientof N by the centreof
S(U(2)xU (2)) is a hyperkähler 12-manifoldN°with atriholomorphicandiso-
metricSU(2) x SU(2) action.As acomplexmanifold,N°canbeidentifiedwith
T*SL(2, C).

Let usnow considerthe diagonalU (1) x U(1) subgroupof SU(2) x SU(2)
associatedto theU (1) subgroupof SU(2) whichstabilisesthe Paulispinmatrix
a1 = (~~) in the adjoint representation.We shalltakethehyperkählerquotient
ofN°by thistorus action.

Of course, we could perform a similar constructionfor anyotherU (1) xU (1)
subgroupof SU(2) XSU (2). However, the resulting hyperkähler four-manifolds
arein factisometricviatheSU(2)x SU(2) actionon N°to thoseobtainedwith
thechoiceof U(1 ) xU(l) madeabove.

Fromtheorem4.1 the momentmapfor the actionof U (1)x U (1) is givenby
/(— <T1(0), al>, <T(l), at>)

~i: (T0, T,, T2, T3)~((— <T2(0), a1>, <T7(l), a1>)
\(—<T3(0),a,>, <T3(l),a1>)

andtheassociatedcomplexmomentmapis

(B,Q)~-~(—<Q
1BQ,a,>,<B,a

1>). (10)

Considerthehyperkählerquotient

M(u,v)=u
1((0,2Reu,2Imu), (0,2Rev,2Imv))IU(l)xU(l)

The factor of 2 is for convenience. It easily follows from theorem 2.2 that
M(u, v) is isomorphicas acomplexmanifold to thequotientby C*xC* of

{(B, Q)esl(2,C) xSL(2, C) :str(B)= —2iv,str(Q’BQ) =2iu} , (11)

where

(a
11 a1~\stri — I =a1 —a--,

\a21 a22j --

The C*xC* actionis givenby

B—~ØBØ’, QF-~ØQW’,

where Ø=diag(i, ~ 1) ~=diag(p, p~) and i, PEC*. It is easily checkedthat
fixed pointsoccuronly if B is diagonalandeither

Q=(~ ~ with Ø=yi

or Q=( 0 1 g) with 0= —
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In thesecases,wefind thatstr(B)= ±str(Q — ‘BQ), respectively, so u= ±v. Let
us assumefrom now on thatu~ ±v. With this restriction,we canshowthat all
pointsof thevariety(11) arestablewith respectto the actionofC* x C*.

We shallnowidentify thegravitationalinstantonsM( u, v) with hypersurfaces
in C3. Let usput

Q(P q~ B=(_iv ~
\,r 5) \b iv

Themap

(B, Q)~-+(X
0,X1,X2,X3, X4)= (a,b,ps,pq,rs)

definesan isomorphismbetweenM(u, v) andthequotientof thespace

{(X0,X1,X2,X3,X4):X~—X2=X3X4,

(1—2X2)iv—iu=X,X3—X0X4} (12)

by the C* action

(X0, X,, X2, X3, X4) ‘—÷(r
2X

0, -r —

2X,, X
2, r

2X
3, -r —

2X
4)

Now considerthemap

(X0, X,, X2, X3, X4) ~-÷ (Y0, Y,, Y2) = (X2, X0X4, X0X1)

This mapgivesanisomorphismof M(u, v) with thevariety

{(Y0,Y,,Y2):Y2(Y~—Y0)=((l—2Yo)iv—iu+Y,)Y1}.

Putting x= Y1, y= i (2 Y0 — 1), z= — ~Y2 we get the hypersurfacein C
3 with

equation

x2—zy2=z+vxy+iux. (13)

This is anonsingularaffine surface(if u� ±v) andis adeformationof the D
2

singularity

x
2—zy2=z. (14)

Thesurfacewith eq. (14) hastwosingularities,at (0, ±i, 0), andis nonsingular

attheorigin.
Hitchin [H2] arguedusingtwistormethodsthattheD

2 singularityshouldad-

mit deformationscarryingnonsingularhyperkählerstructures(thiswasalsonoted
on heuristicgroundsby Page[P1).

5. Remarks

Ourgravitationalinstantonsaredeformationsof the singularhypersurfacein
C

3whoseequationis
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x
2—zy2=z4’ . (15)

If k= 1 , eq. ( 1 5 ) definesanonsingu/arcomplexsurface.This, in fact, is the dou-
ble coverofthe Atiyah—Hitchin manifold [AH] andhencealso admitsa hyper-
kählerstructure.A one-parameterfamily ofhyperkahlerdeformationsofthis space
is known [Da2].

The hyperkählerdeformationsof the Dk singularity are obtainedas hyper-
kählerquotientsby agroupwith a (k+ 1 )-dimensionalcentre,sothereare3k+ 3

parametersfor choiceof level set.However,notall of thesechoicesgive geomet-
rically distinct metrics.The SO( 3 ) actionon N, combinedwith left multiplica-
tion of H2 andH4 by unit quaternions,inducesan actionof SO(3) on M. Also
thereis anP3 actionon M inducedby the action 1 ‘—p T~— ia

1 Id on N. Thesetwo
actionson M map level setsof our momentmap isometricallyonto other level
sets,so the numberof effective parametersfor the family of hyperkählerquo-
tientsis 3k—3 ifks2.

Generically,thegravitationalinstantonswehaveconstructedwill haveno iso-
metries.However, if the vectorsi~’in the choiceof level set arecollinearin P

3.

therewill bean isometricnontriholomorphicactionof U (1) inheritedfrom the
actionsof SO(3) andP3 on M.

What is not clear from the constructionis the asymptoticbehaviourof our

manifolds.As N is a moduli spaceof solutionsto Nahm’sequationsweexpectit
to beisometricto amoduli spaceof monopoleson P3 andhencehavesomesort
of asymptoticflatnessproperty,which might be sharedby our gravitational in-
stantons.However,it seemsdifficult to provethis from our hyperkählerquotient
picture.

Finally, it isnaturalto askif a similarmodificationof the constructionof ALE
gravitational instantons ispossiblein thecaseof theexceptionalsingularitiesE

6,
E7,E8. The Euclideanfactorsoccurringin the quotientconstructionhere areof
the form H’”~ with triholomorphic and isometric actionsof U ( m)x U (n) in
which the circle of scalarsactstrivially. Thepairs (m, n) which occurare

(i) (1,2), (2.3) forE6,
(ii) (1,2), (2, 3), (3,4), (2,4) forE7,
(iii) (1,2), (2, 3), (3, 4), (4, 5), (5, 6), (4, 6), (2, 4), (3,6) forE8.
Unfortunatelythe authoris notawareof anon-Euclideanhyperkählerspaceof

real dimension 4nm with a triholomorphic and isometric action of
S(U(m) XU(n)) for any of these values of (m, n), so is unable to produce new
examples of hyperkähler four-manifolds associated to the exceptional groups.

This work was supported by a Stone Research Fellowship from Peterhouse,
Cambridge.I am grateful to P.B. Kronheimer for useful discussions.
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